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�?lF��>/���

1) f/Qo�Y�? LCT F5��ÆAI(%�D�ÆA��%�D�

2) <#s���$���M`F5x�M`X[k ��^���zE��dX�E�

� ��

3) �,f/Q��F5??I[�Ru�[DQ��F5[k �?8|[	/�D��

#Q��/-#j�?#jS3 �<#x��/-{s,?(nS3 �<#I?8| 

���f0QO�C'?K�lF��

1 PGFirnNSK�@	}Cy_�
�&A`7VI(%� LCT F5?S3 �8|#j<#��I�<F5?dX<

dxt = Axtdt+Butdt+ CdWt; (1)

q% xt 2 R
n , ut 2 R

m [��F5?/-x��� Wt 2 R
n ��0 Brown 
J�

�IF5%� A, B r��uF5 [A;B] k<�7VS3 �

J(u) = lim sup
t!1

1

t

Z t

0

(x�sQxs + u�sRus)ds; (2)

q% R > 0, Q > 0, u [A;Q1=2] km�

A`?f?�f/#j )P<#Ur?zP��0#j<#k�IF5?3��f/�

�/-#j�?#jS3 �<#x��/-{s,?(nS3 �<#I?8| ��?

'��f0O�C'?K�lF��<���#�A`JIa?IF 1 %f0��/-{s

,?(nS3 �<#I?8| ���~}�IF 2 %f0��/-#j�?#jS3

 �<#I?8| ���

<��x{�A`� u = fut; t > 0g x u� = fu�t ; t > 0g, �x��I	_<#D�

U =

�
u : ut 2 �fxs : s 6 tg u� (1) �?/-fxtg\6

lim
t!1

1

t
kxtk

2 = 0 x lim sup
t!1

1

t

Z t

0

kxsk
2ds <1

�
: (3)

O` 1 7VF5 (1). � [A;B;Q1=2] k<km�P �9� Riccati Y,

A�P + PA�
� PBR�1B�P +Q = 0 (4)

?�I(��

a) P�o u 2 U , 5~ J(u) > tr(C�PC).

b) u�t
4
= �R�1B�Pxt 2 U , u J(u�) = tr(C�PC) = min

u2U
J(u).

2IF?'Z:r~?%7>L%�= (�>L [7]), �Y�

Ia7V#j<#��IF5Wv?#j��� �T , A`:s��3~R%�-s?S

3 �8|<#W

ut = �R�1B�Pxk�T ; t 2 [k�T; (k + 1)�T ); (5)

<��r��I>%A`!{ xk B��/- x  k�T �;?#j� xk�T .

#j<# (5) I�A`:s>=�I'r�

O` 2 7VF5 (1), ��I [A;B;Q1=2] k<km�#j<# (5) I��r �T \6

�T ekAk�T 6
1

(1 + 3kB�
1Hk)kA1k

; (6)
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�~

lim sup
t!1

1

t

Z t

0

(x�sQxs + u�sRus)ds 6 tr(C�PC) +O(�T 2): (7)

�G

A1
4
= A�BR�1B�P; B1

4
= BR�1B�P; H =

Z 1

0

eA
�

1
teA1tdt: (8)

� 1 T c1 = �TkA1ke
kAk�T , �1 =

kB�
1Hkc1

1� c1
, �< �T \6 (6) ���ti�

c1 2 (0; 1); �1 2

�
0;

1

3

�
:

� 2 � f(x) = xekAkx. t�P x 2 [0;1), ~ f 0(x) = (1 + kAkx)ekAkx > 1 > 0. �!

c f(x) = xekAkx  [0;1) �� x ?eb:H�t��w2���% �T ?b�X::�:

D}I�}I� 0 < �T 6 min

�
�;

1

(1 + 3kB�
1Hk)kA1kekAk�

�
; �G � :<�u����/

�D�:z � = 1. 2�� 0 < �T 6 min

�
1;

1

(1 + 3kB�
1Hk)kA1kekAk

�
: <~��kx0Y,

xekAkx =
1

(1 + 3kB�
1Hk)kA1k

?( x0, � �T ?b�X::<��T 2 (0; x0). ;o�B!�x

(]Y,^moI?�%P�

� 3 �GA`"f0Q �T ?odb�X:�<#j ) �T ]X:j��:s�

c��S3 �*��?#j<#�,k����F5??I[�Ru�k��S3 �?3

|[�Po�ZN[F5�q+<# �Rh��z}I �T ?88bzX:��z8|Db

z �T s��zf0#j )�F5'i�%���?K�(DlF��Z(@ix\�?@

1�8u32@132[D��w��V@1�,pC�F5?32'i�%��Ru�pC

�<#f?�K�>L [6], q<#f?<��F5??I[x<#s?U[�4sP�}I

[?{�MPb�� LQ#j )�F5�}I[x:�I[��?lF�R�>?<#f

?����F5??I[xS3 �?3|[�w2�#j )?bz�,pC�F5%� A

x B, Ru�pC� �?%� R, Q x,?S3X'i�K��%� P , A1, B1 x H 1B4

] ��Ru}� H =
R1
0

eA
�

1 teA1tdt, *so�B" kHk ?8TpC� A1 ?�!� A1 ?�

!�T� kHk �8�} (6) ���:k�)T �T ?b�X:�

�cIF 2 �t�A`x�sIxF�]xFIF 2 � 4 ?�c%!rl�:{�

|` 1
[8] � fxt;Ftg �o\6Z t

0

x2sds <1 a:s: 8t > 0

?'
�ys,�� fwt;Ftg � Wiener s,��< t!1 �~Z t

0

xsdws = O

0@s�Z t

0

x2sds

�
log log

�
e +

Z t

0

x2sds

�1A a:s:

�bO` 2 <�����A`x��I�v t0
4
=

�
t

�T

�
�T . �G dxe ���8� x ?

88���
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F5 (1) #j<# (5) I>=?��Y�<

dxt =A1xtdt+B1(xt � xt0)dt+ CdWt (9)

=A1xt0dt+ A(xt � xt0)dt+ CdWt: (10)

} Ito h��P 8t 2 [t0; t0 +�T ),

xt � xt0 = A

Z t

t0
(xs � xs0)ds+ (t� t0)A1xt0 + C(Wt �Wt0): (11)

} (11) ��P 8t 2 [t0; t0 +�T ),

kxt � xt0k 6 kAk

Z t

t0
kxs � xs0kds+�TkA1kkxt0k+ kC(Wt �Wt0)k: (12)

y{ Grownwall xF�>

kxt � xt0k 6�TkA1kkxt0ke
kAk(t�t0) + kC(Wt �Wt0)k

+kAk

Z t

t0
ekAk(t�s)kC(Ws �Wt0)kds

6 c1kxt0k+ c2(t); (13)

�G 8><>:
c1 = �TkA1ke

kAk�T ;

c2(t) = kC(Wt �Wt0)k+ kAkekAk�T
Z t

t0
kC(Ws �Wt0)kds:

-u=�} (9) �� Ito h��A`:s>=

x�t Pxt � x�0Px0

=

Z t

0

x�s (A
�
1P + PA1)xsds+

Z t

0

((xs � xs0)
�B�

1Pxs + x�sPB1(xs � xs0))ds

+2

Z t

0

x�sPCdWs + t � tr(C�PC):

}2:>�

x�t Pxt +

Z t

0

(x�sQxs + u�sRus)ds

= x�0Px0 +

Z t

0

x�s (A
�
1P + PA1)xsds+

Z t

0

(x�sQxs + (u�s + us � u�s)
�R(u�s + us � u�s))ds

+

Z t

0

((xs � xs0)
�B�

1Pxs + x�sPB1(xs � xs0))ds+ 2

Z t

0

x�sPCdWs + t � tr(C�PC)

= x�0Px0 +

Z t

0

(xs � xs0)
�PBR�1B�P (xs � xs0)ds+ 2

Z t

0

x�sPCdWs + t � tr(C�PC)

= x�0Px0 +

Z t

0

kxs � xs0k
2
Gds+ 2

Z t

0

x�sPCdWs + t � tr(C�PC); (14)

q% G
4
= PBR�1B�P , kxs � xs0k

2
G = (xs � xs0)

�G(xs � xs0).

Ia�c<z{�T? �T ��~

lim sup
t

1

t

Z t

0

kxs0k
2ds <1: (15)
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ti� H \6

A�
1H +HA1 = �I:

} (9) �x Ito h�>

x�tHxt = x�0Hx0 �

Z t

0

kxsk
2ds+ 2

Z t

0

(xs � xs0)
�B�

1Hxsds+ t � tr(C�HC)

+2

Z t

0

x�sHCdWs: (16)

-R} (13) �>

(xs � xs0)
�B�

1Hxs 6 kB
�
1Hk � kxs � xs0k � kxsk

6 kB�
1Hk(c1kxs0k+ c2(s))kxsk

6 kB�
1Hk

�
c1

1� c1
kxsk+

c2(s)

1� c1

�
kxsk

6�1kxsk
2 + �1(s)kxsk; (17)

q% �1 =
kB�

1Hkc1

1� c1
; �1(t) =

kB�
1Hkc2(t)

1� c1
, �u�GA`�{=Q c1 2 (0; 1) (�- 1) x}

(13) �>=?�B�

kxs0k 6
1

1� c1
kxsk+

c2(s)

1� c1
: (18)

! (17) �9� (16) ���y{xF 1 >

x�tHxt 6 x�0Hx0 � (1� 2�1)

Z t

0

kxsk
2ds+ 2

Z t

0

�1(s)kxskds

+t � tr(C�HC) + 2

Z t

0

x�sHCdWs

6 x�0Hx0 � (1� 2�1)

Z t

0

kxsk
2ds+ 2

�Z t

0

k�1(s)k
2ds

�1=2�Z t

0

kxsk
2ds

�1=2

+t � tr(C�HC) +O

 �Z t

0

kxsk
2ds

�2=3
!
: (19)

} (6) �x- 1 �

1� 2�1 >
1

3
:

�} kWt �Wt0k ?LL�P[�
{8�IF>

lim sup
t!1

1

t

Z t

0

k�1(s)k
2ds = E

Z �T

0

k�1(s)k
2ds = O(�T 2); (20)

5R

lim sup
t!1

�
1

t
x�tHxt + (1� 2�1)

1

t

Z t

0

kxsk
2ds

�
6 tr(C�HC) +O

 
lim sup
t!1

�
1

t

Z t

0

kxsk
2ds

�1=2
!
+O

 
lim sup
t!1

1

t

�Z t

0

kxsk
2ds

�2=3
!
;
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w2�

lim sup
t!1

1

t

Z t

0

kxsk
2ds <1: (21)

-o �} (18) x (21) �� (15) �+L��J{ (13) ��

lim sup
t!1

1

t

Z t

0

kxs � xs0k
2
Gds 6 2c21 � lim sup

t!1

1

t

Z t

0

kxs0k
2
Gds+ 2 lim sup

t!1

1

t

Z t

0

c2(s)
2ds

= O(�T 2): (22)

��} (14) :>

lim sup
t!1

�
1

t
x�t Pxt +

1

t

Z t

0

(x�sQxs + u�sRus)ds

�
= tr(C�PC) + lim sup

t!1

1

t

Z t

0

kxs � xs0k
2
Gds

= tr(C�PC) +O(�T 2);

k (7) �+L�

2 e=FirnNSK�@	}Cy_�
�&7V��%� LCT F5?S3 �8|#j<#��I�<F5?dX<

dxt = A(rt)xtdt+B(rt)utdt+ C(rt)dWt; (23)

q% xt 2 R
n , ut 2 R

m [��F5?/-x���Wt 2 R
n ��0 Brown 
J� rt �~M

/-� S = f1; � � � ; Ng �z�? Markov s,�q.q_X� (%�>L [10]) }

P (�) = [Pij(�)] = [P (rt+� = j j rt = i)] = e�� ; t0 6 t 6 t+ � (24)

f0��G � = (�ij); �ij > 0; j 6= i, �u

��ii =

NX
j=1;j 6=i

�ij : (25)

}� rt �~M��z�? Markov s,�:s�c j�ij j < 1 (�>L [9], P150, 151).

�IF5%� A(rt) x B(rt) r��/-/� x0 � Markov s, frtg LL�}��z~M

��y���Markov s, frtg ?�~*~j�oK�%0t��u�OG8Q<~Md	

w2��z~M��y�j� (23) �?(:s6+�~MdI(%�F5(?~MM$ (�

>L [10]). I>%�< rt = i ��A`� A(rt) = Ai, B(rt) = Bi, �q+D"?���

A`?f?�f/#j )P<#Ur?zP��0#j<#k�IF5?3��f/�

�/-#j?#jS3 �<#?8|[�

�J�A`f0'
k??Iv (>L [11, 12]). ]Iv��P�BÆÆ�F5

dxt = A(rt)xtdt+B(rt)utdt (26)

x (24) �?�

O{ 1 �rP*~~M x0 2 R
n x r0 2 S, 6odN[W?<#W

ut = �L(rt)x(t);
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q% kL(rt)k <1, �>6odP*�I� fM \6

lim
T!1

E

(Z T

0

x� (t; x0; r0; u)x(t; x0; r0; u)dt j x0; r0

)
6 x�0

fMx0;

�*F5 (26) x (24) '
k?���*< [A(rt); B(rt)] '
k?�

A`f/?S3X ��'
F5%({?�Y��I�

J0(u) = lim sup
T!1

1

T
E

(Z T

0

(x� (t)Q(rt)x(t) + u� (t)R(rt)u(t))dt j x0; r0

)
; (27)

q% Ri > 0, Qi > 0, u [Ai; Q
1=2

i ] km�

}>L [11] :��P�ufI?�I� Ri x��I� Qi, [Ai; Q
1=2

i ] km�;{?9�

Riccati Y,

A�
iMi +MiAi �MiBiR

�1
i B�

iMi +

NX
j=1

�ijMj +Qi = 0 (28)

~;o�I(7 fMi, i = 1; 2; : : : ; Ng ?.[�m3�� [A(rt); B(rt)] '
k?

D"��o&�A`�x�od	_<#D

U
0 =

�
u : ut 2 �fxs : s 6 tg u� (23) �?/-fxtg\6

lim sup
t!1

Ekxtk
2 <1 x lim sup

t!1

1

t
E

Z t

0

kxsk
2ds <1

�
: (29)

A`~�I'Z�

O` 3 7VF5 (23) x (24), ��� [A(rt); B(rt)] '
k?	 [Ai; Q
1=2

i ] km� 8i 2 S;

Markov s, frt; t > 0g x Brown 
J fWt; t > 0g LL��

a) P�o u 2 U
0, 5~ J0(u) > lim sup

t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds.

b) ��/-{s,?S3 �<#W

u�t
4
= �L(rt)xt = �R(rt)

�1B(rt)
�M(rt)xt (30)

�� U
0, u

J0(u�) = lim sup
t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds = min
u2U0

J0(u);

q% Mi; Ri; Qi [�} (28) x (27) �f0�

� a) } (23) ��D"�>L [10] % (2.29) ��>eA(x�tM(rt)xt)
4
= lim

�!0

1

�

�
E[x�t+�M(rt+�)xt+� j rt]� x�tM(rt)xt

�
= x�t (A

�
1(rt)M(rt) +M(rt)A1(rt) +

X
j

�rt;jMj)xt + tr(C� (rt)M(rt)C(rt)); (31)

�G eA � frt; xtg ?BwT%3��} Dynkin h�>

Ex�tM(rt)xt = Ex�0M(r0)x0 + E

Z t

0

x�s (A
� (rs)M(rs) +M(rs)A(rs) +

X
j

�rs;jMj)xsds

+E

Z t

0

(u�sB
� (rs)M(rs)xs + x�sM(rs)B(rs)us)ds

+E

Z t

0

tr(C� (rs)M(rs)C(rs))ds;
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5R

E

�
x�tM(rt)xt +

Z t

0

(x� (s)Q(rs)x(s) + u� (s)R(rs)u(s))ds

�
= Ex�0M(r0)x0 + E

Z t

0

tr(C(rs)
�M(rs)C(rs))ds

+E

Z t

0

(us +R(rs)
�1B(rs)

�M(rs)xs)
�R(rs)(us +R(rs)

�1B(rs)
�M(rs)xs)ds:

*sP�o u 2 U
0, 5~

J0(u) = lim sup
t!1

1

t
E

Z t

0

(x�sQ(rs)xs + u�sR(rs)us)ds

= lim sup
t!1

�
1

t
E

Z t

0

(us +R(rs)
�1B(rs)

�M(rs)xs)
�R(rs)(us +R(rs)

�1B(rs)
�M(rs)xs)ds

+
1

t
E

Z t

0

tr(C(rs)
�M(rs)C(rs))ds

�
(32)

> lim sup
t!1

1

t
E

Z t

0

tr(C(rs)
�M(rs)C(rs))ds;

�GA`{=Q lim
t!1

1

t
Ekxtk

2 = 0 x lim sup
t!1

1

t
E

Z t

0

kxsk
2ds <1.

b) F5 (23) <# (30) I>=�IY��

dxt = A1(rt)xtdt+ C(rt)dWt; (33)

q%

A1(rt)
4
= A(rt)�B(rt)L(rt): (34)

w< [A(rt); B(rt)] '
k?�}>L [11] ��P_od i 2 S,

A�
1;iKi +KiA1;i +

X
j

�i;jKj = �I (35)

?o7P*( Ki ��I?�i� K(rt): �>< rt = i ��~ K(rt) = Ki. ��D"�>L

[10] ? (2.29) ��>eA(x�tK(rt)xt)
4
= lim

�!0

1

�

�
E[x�t+�K(rt+�)xt+� j rt]� x�tK(rt)xt

�
= x�t (A

�
1(rt)K(rt) +K(rt)A1(rt) +

X
j

�rt;jKj)xt + tr(C� (rt)K(rt)C(rt))

= �kxtk
2 + tr(C� (rt)K(rt)C(rt)); (36)

�G eA � frt; xtg ?BwT%3��} Dynkin h�>

E

�
x�tK(rt)xt +

Z t

0

kxsk
2ds

�
= Ex�0K(r0)x0 + E

Z t

0

tr(C� (rs)K(rs)C(rs))ds: (37)

��

Ekxtk
2 = O(t) x E

Z t

0

kxsk
2ds = O(t): (38)

IaA`-o �c

lim sup
t!1

Ekxtk
2 <1: (39)
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}�P 8i 2 S, K(i) > 0, u S "~~Md�#�*s6(� � > � > 0 �>

0 < �I 6 K(rt) 6 �I; 8t > 0: (40)

}2� (36) �> eA(x�tK(rt)xt) 6 �
1

�
x�tK(rt)xt + tr(C� (rt)K(rt)C(rt));

�

Ex�tK(rt)xt 6 e�
1

�
tEx�0K(r0)x0 + 2E

Z t

0

e�
1

�
(t�s)tr(C� (rs)K(rs)C(rs))ds = O(1): (41)

}2� (40) �� (39) �+L�

! (39) �9� (37) �> J0(u�) = lim sup
t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds:

IaA`+mf/#jS3 �<#W

ut = �L(i)xt = �R�1i B�
iMixk�T ; t 2 [k�T; (k + 1)�T ); rk�T = i (42)

?<#Ur�<2��

h1 = max
i2S

k �A1(i)k; h = max
i2S

kAik; d1 = �T eh�Th1; (43)

�A1(rt) = A(rt)�B(rt)L(rt0); t0 =

�
t

�T

�
�T; (44)

L = max
i2S

kMiBiR
�1
i k �max

j2S
kB�

jKjk; � = (N � 1)(ek�k � 1); (45)

q% Kj � (35) �?(�

O` 4 7VF5 (23)x (24), ��� [A(rt); B(rt)]'
k?	 [Ai; Q
1=2

i ]km�8i 2 S;

Markov s, frt; t > 0g x Brown 
J fWt; t > 0g LL�#j<# (42) I��#j ) �T

\6 8><>:
d1

4
= �T eh�Th1 < 1; �T 6 1;

Ld1

1� d1
+

8(1 + d1)
2

(1� d1)2
L��T 6

1

3
;

(46)

�~

lim sup
t!1

1

t
E

Z t

0

(kxsk
2 + kusk

2)ds <1 (47)

x

lim sup
t!1

1

t
E

Z t

0

(x�sQ(rs)xs + u�sR(rs)us)ds

6 lim sup
t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds+O(�T ): (48)

� 4 �- 2 x 3 *���rA`?f?,,��IF5x>=3| (�\u) S3 �

<#?��h]:s|�tDf0#j ) �T ?odz�X:�;m}I �T ?88bzX

:�8|Dbz �T , :k�Z(@ix\�?�

f0IF 4 ?�c�t�J*
odxF�

|` 2 � rt �~M/-� S = f1; � � � ; Ng �z�? Markov s,�u\6 (24) x

(25) ��t� f(rs) : R
1
! R

1 ; g(rs) : R
1
! R

n�n , u f(rs) x g(rs) K� �frt; t > sg �?:&
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t���< s� s0 6 �T u �T 6 1 ��~

E

�
kg(rs)� g(rs0)k

Z s

s0

f(r�)d� j rs0 = i

�
6 max

j 6=i
kg(j)� g(i)kmax

l2S
f(l) � �(s� s0)

2;

q% � = (N � 1)(ek�k � 1).

� < s� s0 6 �T u �T 6 1 +L��A`�ti�X
j 6=i

Pij(s� s0) 6 (s� s0)
X
j 6=i

�
e�(s�s0) � I

s� s0

�
ij

6 (s� s0)
X
j 6=i

e�(s�s0) � I

s� s0

 6 �(s� s0): (49)

}��z~M��y��� Markov s, frtg ?�~*~j�oK�%0t��u

�OG8Q<~Md��I�V�OGp3� s1; s2; � � � ; sm, u

s0 < s1 < s2 < � � � < sm < sm+1 = s;

�} (49) �>

E

�
kg(rs)� g(rs0)k

Z s

s0

f(r�)d� j rs0 = i

�
=

X
rs=j;j 6=i

kg(j)� g(i)k
X

rs12S;���;rsm2S

mX
i=0

f(rsi)(si+1 � si)

mY
i=0

Prs
i
;rs

i+1
(si+1 � si)

6
X

rs=j;j 6=i

kg(j)� g(i)k

 
max
l2S

mX
i=0

f(l)(si+1 � si)

!0@ X
rs12S;���;rsm2S

mY
i=0

Prs
i
;rs

i+1
(si+1 � si)

1A
6

X
rs=j;j 6=i

kg(j)� g(i)kmax
l2S

f(l)(s� s0) � Pij(s� s0)

6 �(s� s0)
2
�max
j 6=i

kg(j)� g(i)kmax
l2S

f(l):

O` 4 L�b �

A1(rt)
4
= A(rt)�B(rt)L(rt); B1(rt)

4
= B(rt)L(rt); �B1(rt)

4
= B(rt)L(rt0);

u�t = �L(rt)xt = �R(rt)
�1B(rt)

�M(rt)xt;

�F5 (23) #j<# (42) I>=�IY��

dxt=A1(rt)xtdt+B(rt)(ut � u�t )dt+ C(rt)dWt

= �A1(rt)xt0dt+ A(rt)(xt � xt0)dt+ C(rt)dWt; (50)

}2:>�

xt � xt0 =

Z t

t0
A(rs)(xs � xt0)ds+

Z t

t0

�A1(rs)ds � xt0 +

Z t

t0
C(rs)dWs: (51)

-R�~

kxt � xt0k 6

Z t

t0
kA(rs)k � kxs � xt0kds+

Z t

t0
k �A1(rs)kds � kxt0k+ k

Z t

t0
C(rs)dWsk: (52)

y{ Grownwall xF�>

kxt � xt0k6

Z t

t0
k �A1(rs)kds � kxt0k � e

R
t

t
0
kA(rt)kds + k

Z t

t0
C(rs)dWsk

+

Z t

t0
h � eh(t�s) � k

Z s

t0
C(r�)dW�kds

6 d1kxt0k+ d2(t); (53)
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q% d1 } (43) �f0�

d2(t) = heh�T
Z t

t0
k

Z s

t0
C(r�)dW�kds+ k

Z t

t0
C(rs)dWsk: (54)

D"�>L [10, 11], } (50) �� Ito h�� (35) ��>

Ex�tK(rt)xt =Ex�0K(r0)x0 + E

Z t

0

x�s (A
�
1(rs)K(rs) +K(rs)A1(rs) +

X
j

�rs;jKj)xsds

+2E

Z t

0

(us � u�s)
�B� (rs)K(rs)xs +E

Z t

0

tr(C� (rs)K(rs)C(rs))ds

=Ex�0K(r0)x0 � E

Z t

0

kxsk
2ds+ E

Z t

0

tr(C� (rs)K(rs)C(rs))ds

+2E

Z t

0

(us � u�s)
�B� (rs)K(rs)xsds: (55)

-u=

(us � u�s)
�B� (rs)K(rs)xs = (L(rs)xs � L(rs0)xs0)

�B� (rs)K(rs)xs

= (xs � xs0)
�L� (rs0)B

� (rs)K(rs)xs + x�s (L(rs)� L(rs0))
�B� (rs)K(rs)xs; (56)

q%?E 1 Q:j<

(xs � xs0)
�L� (rs0)B

� (rs)K(rs)xs

6L � kxs � xs0k � kxsk 6 L � [d1kxs0k+ d2(s)] � kxsk

6L �

�
d1

1� d1
kxsk+

d2(s)

1� d1

�
� kxsk 6 �2kxsk

2 + �2(s)kxsk; (57)

q%

�2 =
Ld1

1� d1
; �2(t) =

Ld2(t)

1� d1
; (58)

�G{=Q3� d1 < 1 x (53) ��} (53) �>=?�B�

kxs0k 6
1

1� d1
kxsk+

d2(s)

1� d1
: (59)

T c = max
i2S

tr(C�
i Ci), �} (54) �>

Ed2(t)
2
6 2Ek

Z t

t0
C(rs)dWsk

2 + 2h2e2h�T (t� t0)

Z t

t0
Ek

Z s

t0
C(r�)dW�k

2ds

=2E

Z t

t0
tr(C� (rs)C(rs))ds+ 2h2e2h�T (t� t0)

Z t

t0
E

Z s

t0
tr(C� (r�)C(r�))d�ds

6 2c(t� t0) + ch2e2h�T (t� t0)3:

-o �} �T 6 1 >

E

Z (k+1)�T

k�T

d22(s)ds 6 c�T 2 +
1

4
ch2e2h�T�T 4

6 c�T 2(1 + h2e2h): (60)
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}2�xF 2, (56) �%?E 2 Q (0;K�T ];K 2 N ��[��zo8>

E

Z K�T

0

x�s (L(rs)� L(rs0))
�B� (rs)K(rs)xsds

= E

Z K�T

0

k(L(rs)� L(rs0))
�B� (rs)K(rs)k �

�
2(1 + d1)

2
kxs0k

2 + 2d2(s)
2
�
ds

6

K�1X
k=0

NX
i=1

E

� Z (k+1)�T

k�T

k(L(rs)� L(rs0))
�B� (rs)K(rs)k � 2(1 + d1)

2
kxk�T k

2ds j rk�T = i

�

�P (rk�T = i) +

K�1X
k=0

E

Z (k+1)�T

k�T

k(L(rs)� L(rk�T ))
�B� (rs)K(rs)k � 2d2(s)

2ds

6
8(1 + d1)

2

(1� d1)2
L��T

K�1X
k=0

E

Z (k+1)�T

k�T

(kxsk
2 + d2(s)

2)ds+ 4L

K�1X
k=0

E

Z (k+1)�T

k�T

d22(s)ds

6
8(1 + d1)

2

(1� d1)2
L��TE

Z K�T

0

kxsk
2ds+ 4cL�T (1 + h2e2h)

�
1 +

2(1 + d1)
2

(1� d1)2
�

�
K�T; (61)

�G�{=Q �T 6 1 x} (53) �>=?�B�

kxsk
2
6 2(1 + d1)

2
kxs0k

2 + 2d2(s)
2; kxs0k

2
6

2

(1� d1)2
kxsk

2 +
2d2(s)

2

(1� d1)2
: (62)

�t60�P�u? t, (61) �n+L��

E

Z t

0

x�s (L(rs)� L(rs0))
�B� (rs)K(rs)xsds

6
8(1 + d1)

2

(1� d1)2
L��TE

Z t

0

kxsk
2ds+ 4Lc�T (1 + h2e2h)

�
1 +

2(1 + d1)
2

(1� d1)2
�

�
t: (63)

-R�} (55) � (57) x (63) �� Schwartz �B��>

Ex�tK(rt)xt

6 Ex�0K(r0)x0 �

�
1� 2�2 �

16(1 + d1)
2

(1� d1)2
L��T

�
E

Z t

0

kxsk
2ds

+E

Z t

0

tr(C� (rs)K(rs)C(rs))ds+ 2E

Z t

0

�2(s)kxskds

+8cL�T
�
1 + h2e2h

��
1 +

2(1 + d1)
2

(1� d1)2
�

�
t

6 Ex�0K(r0)x0 �

�
1� 2�2 �

16(1 + d1)
2

(1� d1)2
L��T

�
E

Z t

0

kxsk
2ds

+E

Z t

0

tr(C� (rs)K(rs)C(rs))ds+ 2E

�Z t

0

�2(s)
2ds

�1=2�Z t

0

kxsk
2ds

�1=2

+8cL�T
�
1 + h2e2h

��
1 +

2(1 + d1)
2

(1� d1)2
�

�
t:

} (46) �ti�

1� 2�2 �
16(1 + d1)

2

(1� d1)2
L��T >

1

3
:
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} kWt �Wt0k ?LL�P[�
{8�IF�D"� (60) ��>

lim sup
t!1

1

t

Z t

0

�2(s)
2ds = O(�T 2);

5R

lim sup
t!1

E

�
1

t
x�tK(rt)xt +

�
1� 2�2 �

16(1 + d1)
2

(1� d1)2
L��T

�
1

t

Z t

0

kxsk
2ds

�
6 lim sup

t!1

1

t
E

Z t

0

tr(C� (rs)K(rs)C(rs))ds+O(�T )

+O

 
�T � lim sup

t!1

�
1

t
E

Z t

0

kxsk
2ds

�1=2
!
; (64)

w2�

lim sup
t!1

1

t
E

Z t

0

kxsk
2ds <1; (65)

n1�! (47) �+L�

Ia�% ��} (59) x (65) ��>

lim sup
t!1

1

t

Z t

0

Ekxs0k
2ds <1: (66)

�J{ (53) ��D"� (61) �>

lim sup
t!1

1

t
E

Z t

0

(us � u�s)
�R(rs)(us � u�s)ds

= lim sup
t!1

1

t
E

Z t

0

[x�s (L(rs)� L(rs0))
�R(rs)(L(rs)� L(rs0))xs

+2x�s (L(rs)� L(rs0))
�R(rs)L(rs0)(xs � xs0)

+(xs � xs0)
�L� (rs0)R(rs)L(rs0)(xs � xs0)] ds

= O(�T ): (67)

*sD"� (14) ��};{? Riccati Y, (28) >

lim sup
t!1

E

�
1

t
x�tM(rt)xt +

1

t

Z t

0

(x�sQ(rs)xs + u�sR(rs)us)ds

�

= lim sup
t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds

+ lim sup
t!1

1

t
E

Z t

0

(us � u�s)
�R(rs)(us � u�s)ds

= lim sup
t!1

1

t
E

Z t

0

tr(C� (rs)M(rs)C(rs))ds+O(�T ): (68)

3 Zf�

�>f/Qo�Y�? LCT F5��ÆAI(%�D�ÆA��%�D�<#s?��

�$���M`F5x�M`X[k ��^���zE��dX�E�� ���,f/Q
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��F5??I[�Ru�[DQ��F5[k �?8|[	/�D��#Q��/-#j

�?#jS3 �<#x��/-{s,?(nS3 �<#I?8| ���f0QO�C

'?K�lF�� 0<#j�� �T �c�8��O(<#?Ur'�n�8�C'?�)

[�< O(�T 2) x O(�T ). �z}I �T ?88bzX:��z8|Dbz �T s��zf

0#j )�F5'i�%���?K�(DlF��Z(@ix\�?@1�y32@13
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